The AdS 3 × S 3 string sigma model supported both by NS-NS and R-R fluxes has become a well known integrable model, however a putative dual field theory description remains incomplete. We study the anomalous dimensions of twist operators in this theory via semiclassical string methods. We describe the construction of a multi-cusp closed string in conformal gauge moving in AdS 3 with fluxes, which supposedly is dual to a general higher twist operator. After analyzing the string profiles and conserved charges for the string, we find the exact dispersion relation between the charges in the 'long' string limit. This dispersion relation in leading order turns out to be similar to the case of pure RR flux, with the coupling being scaled by a factor that depends on the amount of NS-NS flux turned on. We also analyse the case of pure NS flux, where the dispersion relation simplifies considerably. Furthermore, we discuss the implications of these results at length.
Introduction
The AdS/CFT correspondence [1] , which recently completed two decades of glorious presence in all of theoretical physics, in its purest form states that string theory in bulk d dimensional AdS background is equivalent to a conformal field theory living on the (d − 1)-dimensional boundary space. This revelation immediately opened up a fascinating possibility to solve the non trivial strongly coupled dual field theory, at least in the planar limit, where the duality works exactly. The crux of the duality in most elementary terms relates various observables in the boundary field theory, such as anomalous dimensions of trace operators to the energy spectrum of dual string states. Consequently, the spectral problem of AdS/CFT has become one of the most sought after problems in high energy physics. This was further simplified due to presence of integrability on both sides of the duality, such as in the well known case of AdS 5 /CF T 4 . The remarkable observation that the dilatation operator of the 4d Super Yang-Mills(SYM) theory at one loop can be written exactly as the Hamiltonian of an integrable Heisenberg spin-chain has been a key concept in connecting integrability, strongly coupled systems and string theory. On the other hand, dual string dynamics in AdS 5 × S 5 is described by an integrable non-linear sigma model, providing us with exact grasp on the spectrum of the theory. This also means, in the classical limit, anomalous dimensions of certain operators in the dual SYM theory can be extracted from the dispersion relation between conserved "large" charges of certain integrable string motion in AdS.
One of the most interesting cases of such a classical string picture might be that of the folded spinning string or GKP string found in [2] . This case relates anomalous dimensions of certain operators in the SL(2) sector of the SYM theory to energy-spin relation of closed strings spinning in AdS 3 ⊂ AdS 5 . Operators in the SL(2) sector are constructed from a single complex scalar field Φ, and a covariant derivative D. A general single trace operator then takes the form,
Here L is the length or twist of the operator and S is the Lorentz spin. These operators are of particular interest in both string theory and quantum field theory, especially important in a twist-two operator O ∆ = Tr(ΦD S Φ), where perturbative computations in the field theory gives the anomalous dimension as,
where λ is the well known 't Hooft coupling constant. The interpolating function in weak coupling f (λ) ∼ λ appears in the expectation value of a straight Wilson loop with a "cusp" and is therefore often referred to as the cusp anomalous dimension.
The exact dual object is the closed folded strings spinning in AdS 3 ⊂ AdS 5 , whose segments pass through the center ρ = 0 in global AdS coordinates. The energy of such a string can be calculated from the associated strong coupling sigma model solution in the large spin (S → ∞) limit 1 , and reads,
here R is the radius of AdS and α = 1 2πT is the string tension parameter. This string however is a special case of a spinning spiky string, which is related to twist operators with derivatives on several fields, where the derivative contribution dominates in the large spin limit. It is shown in [3] that a general higher twist operator
is dual to the string solution with N cusps or spikes. As expected, when N is taken to be 2, the dispersion relation exactly reduces to the folded spinning string or GKP string. From the worldsheet perspective, these spikes (or cusps) are defined as a derivative discontinuity in the unit space-like tangent vector on the 2d worldsheet, which although does not spoil the criterion of a smooth worldsheet. A number of studies in such N -cusped strings in AdS and related spaces have followed , including e.g. [3] - [11] .
Although AdS 5 /CF T 4 is the most successful example of the duality, a number of lower dimensional versions have also been very intensively studied in the available literature. Superstring theory on AdS 3 × S 3 × M 4 backgrounds have recently attracted renewed interest in the context of studies in AdS 3 /CF T 2 correspondence [12] 2 . The most tractable cases of this duality with the compact manifold M 4 being T 4 [14] - [28] or S 3 ×S 1 [29] - [37] have played a crucial role in understanding the duality. Added advantage is that for both cases the string sigma models have been proven to be classically integrable [38, 39] 3 . Not only the case of AdS 3 × S 3 × T 4 with RR fluxes, the sigma model for the same supported by both NS-NS and R-R three-form fluxes has also been proven to be classically integrable [41] . The background solution can be shown to satisfy IIB supergravity field equations, provided the parameters associated to field strength of NS-NS fluxes q and the one associated to the strength of R-R fluxes (sayq) are related by the constraint q 2 +q 2 = 1. Depending on the value of parameters the string sigma model interpolates between that of the SL(2, R) WZW model [42] (pure NS-NS) and the one supported only by RR fluxes.
A lot of discussion has appeared on this particular model supported by both form of fluxes, including fundamentals of integrable nature and S-matrix [21] , [43] - [48] . Moreover a large number of classical string solutions in this string background has appeared in last few years, mainly focussing on how turning on the flux changes the solutions and hence the nature of possible dual observables. All of it started as the 'Giant Magnon' dispersion relation was proposed in [44] , which turned out to have non-periodic contribution in the momentum as the periodicity is explicitly spoiled by the flux. Subsequently finite-gap solutions were proposed in [49, 50] and a large class of folded [51] , rotating [52, 53, 54] , pulsating [55, 56] and GKP-like multi-spike [57, 58] strings have been studied in the literature. Also, well known Neumann-Rosochatius dynamical model of strings has been generalised to AdS 3 × S 3 with NS-NS fluxes together with relevant classical solutions [59, 60, 61] and one-loop quantization [62] being elucidated in a large number of papers. Moreover, probe D1 strings exploring the mixed flux background have been discussed in [63] . Minimal surfaces for this background has been discussed in detail too [51, 64] .
One of the main explorations in this connection has been about the analogue of the folded string in this background, and subsequently the twist-operators in a putative dual theory. The first discussion of this appeared in [51] , where the solution was constructed by solving the dynamical equation and then finding the dispersion relation between the charges using a perturbative expansion of in the flux parameter q. Curiously, the solution had some subtleties in imposing closed string boundary condition and it was found that the next to leading order cusp anomalous dimension (upto O(q 2 )) in that case starts with a term containing − q 2 2 (log S) 2 . In the paper [57] the problem was revisited using a N-spike Kruczenski (static gauge) string solution and the dispersion was again calculated perturbatively in q, where the next to leading order correction turns out − q 2 2 log S, at complete odds with [51] . Finally in [58] it was conjectured using a worldsheet transformation between q = 0 and q = 0 strings in AdS 3 × S 1 , that the dispersion relation in the latter case remains the same as in the pure RR case, but the logarithmic divergence is scaled by a factor of 1 − q 2 .
In the current article we want to give a definitive answer about the dispersion relation via an exact calculation in q. We have again concentrated in this paper on the N-spike string solution in the mixed flux background, but this time following the same procedure used in [6, 7] , i.e. via a computation using the sigma model in conformal gauge. We find exact agreement with the observations of [58] , as we explicitly get the dispersion relation to be,
Here putting number of spikes N = 2 gets one back to the desired relation for the folded string in this background. We also discuss the structure and string profile associated to the solution in this work. Furthermore, we discuss the fate of these solutions and the scaling relation among various conserved charges in case of pure NS-NS flux i.e. for q = 1. This limit considerably simplifies the solutions and appears to be quite subtle to take. The organisation of this paper is as follows. Section 2 deals with the revisiting of the N-soliton solution in conformal gauge which includes the string solution, string boundary condition and dispersion relation along charges. In section 3, we repeat the corresponding computations and find N-Soliton solution in presence of mixed flux. Associated modified boundary conditions and the changed dispersion relation has been elucidated here along with the case of pure NS-NS flux (q = 1). Finally, in section 4 we present our conclusions and outlook.
Revisiting the N-soliton solution in conformal gauge
In this section we provide a short review of the construction of multi-spike string in conformal gauge. This would serve as our base as we move along and do the similar calculation in presence of flux in the next section. We would be closely following the conventions and notations of [6] throughout.
The solution
In a general background, we can study a fundamental string coupled to an antisymmetric NS-NS B-field. We start with the Polyakov action with a Wess-Zumino term
where λ is t'Hooft coupling, γ αβ is the worldsheet metric and αβ is the anti symmetric tensor defined as τ σ = − στ = 1. Variation of the action with respect to X M give us the following equations of motion,
and variation with respect to the metric gives us the two Virasoro constraints,
We use the conformal gauge (i.e. √ −γγ αβ = η αβ ) with η τ τ = −1, η σσ = 1 and η τ σ = η στ = 0 to solve the equations of motion. This evidently is the main difference between the construction in [3] and the one in [7] , although they can be related via worldsheet conformal transformations.
To start with, we try to reproduce Kruczenski solution in the conformal gauge, without any flux present (i.e. b M N = 0), by taking the ansatz
Here ω is a constant winding number, f and g are generic functions of σ and the global metric of AdS 3 is given by
Throughout this paper, we will call this string solution as Jevicki-Jin solution. Now from equations of motion for t and θ will give us the functional forms of f and g as follows,
where prime ( ) denotes the derivative with respect to σ. The constants a and b will be fixed later. On the other hand, from the first Virasoro constraint, we get a condition which can be checked to be equivalent to the equation of motion for ρ, hence making our solutions self-consistent. The second Virasoro constraint leads us to the relation between the constants, a = ωb. A consistent choice of b can get us to a as follows,
The constant ρ 0 can be chosen based on physical considerations. In fact, with these choices, we can now write the equation of motion for ρ using (2.6) in the following suggestive form
The integral can be done between two points, the 'valley' points at ρ = ρ 0 where the profile reaches at it's low and the 'spike' points at ρ = ρ 1 = coth −1 ω where the derivative ρ vanishes i.e. where the cusp forms. The solution to this equation gives us the total string profile and can be given by,
Here sn and cn are the usual Jacobi elliptic functions and we have defined,
Now proceeding similarly as we did earlier i.e. by solving the equations we find f and g to be,
Here Π is the usual incomplete Elliptic integral of the third kind. Also the variable x is given by the amplitude function x = am(u|k). Note here, spiky string solution could be obtained by lifting the minimum value of ρ i.e. ρ 0 = 0 as compared to GKP or folded string solution. However, one can bring this solution to that of GKP by demanding the valleys goes to zero and imposing the right boundary conditions making number of cusps on the string to be N = 2. In the sense of boundary conditions, this string appears quite different from its GKP cousin.
String boundary conditions
We aim to understand the periodicity of the spiky string solution here. The solution in the conformal gauge is special in the sense of periodicity as the two time coordinate t and τ are not equivalent here, as opposed to Kruczenski spiky string case. One could easily see that the derivative of string profile at the spike point does not diverge here, instead ρ (σ)| spike = 0 for this case. So one must be very careful in the choice of time to ensure the full string is closed.
We start with the full solution in this case, given by (2.8). One could see that the profile is implicitly function of σ i.e. ρ(u(σ)). We now demand that the periodicity we require in σ direction for a closed string is reflected in u(σ) itself, so as to speak, σ ∈ [0, L] =⇒ u(σ) ∈ (0,L). Now, we can see that ρ(u(σ)) is naturally periodic with a non trivial (real) period of 2K(k) due to the presence of Jacobi elliptic functions. It can be verified that the associated string profile is such that it starts off at ρ(0) = ρ 1 at a spike, reaches a valley at ρ(K(k)) = ρ 0 and again goes upto a spike at ρ(2K(k)) = ρ 1 , thus completing a full segment. So we can impose a periodicity of L = 2N K(k) on the u(σ) here, with N being the total number of spikes on a given closed string. Using the expression for u(σ), this leads us to the periodicity being, 12) which defines the construction of a closed spiky string. It is important to note that the 'angular' functions f (σ) and g(σ) are not periodic with same properties, actually they are pseudo-periodic with L = L 2N
. We want to have a closed string at constant global time t, hence we need to substitute τ = t − f (σ) into the original ansatz (2.4) for θ, thus finding θ(t, σ) = ωt + g(σ) − ωf (σ). Having this, we impose a closed boundary condition θ(t, L) = θ(t, 0) + 2nπ, n ∈ Z being the winding number of the string. We can easily see here that θ(t, L) − θ(t, 0) = 2N ∆θ, where the angular difference:
With the definitions
The closenessd condition for the string then transcends to ∆θ = nπ N , where the N spikes on the strings are located at the specific positions σ m = 2mL, m = 0, ...., N − 1. One can then solve the above equation fixing for the number of desired spikes and winding number, together either with position of the 'valley' points ρ 0 or that of the 'spike' points ρ 1 and get a set of parameters describing a perfectly closed string solution.
Dispersion relation
Now we find the energy and angular momentum of these configurations for completeness. The conserved Noether charges for this case are defined as,
When evaluated, these integrals give us the following,
(2.16) Taking the limit ρ 1 >> ρ 0 (infinite spike limit) and expanding the charges with the assumption ω → 1 we get, which gives the dispersion relation to be,
Which reproduces the usual GKP string dispersion relation with the well-known logarithmic divergence when we put N = 2.
N-Spike strings with fluxes
Now we move on to discuss the fate of the N-spike string as soon as the NS-NS flux is turned on. Let us start with the AdS 3 metric with both R-R and NS-NS two form fields,
1) where q is the flux parameter introduced before. Here since we are dealing with fundamental string, it only couples to the NS-NS flux.
We must mention here that there is a gauge freedom in the choice of the 2-form NS-NS-field, since the supergravity equations of motion instead determine the threeform field strength, H (3) = dB. For interesting details of this gauge freedom one can look at [44] . For example, the 2-form field in AdS 3 can be written schematically as − q 2 (cosh 2ρ+χ), with χ being a constant that gives rise to a constant ambiguity term in the WZ part of the action. This constant ambiguity χ can be chosen via imposing physical requirements on the classical string solution itself. In our case this extra constant will simply generate a constant shift in the desired dispersion relations for the charges, and thus can be chosen suitably without any loss of generality. For our case, we will continue using the fields as written in the form of (3.1) above.
The solution
To find out the string solution with the presence of flux, we start with the same ansatz as in the earlier case (2.4). In this case the sigma model action takes the form,
As before, we can solve the equation of motion for t and θ, which boils down to equations for f and g,
Hereā,b are again constants, and using the Virasoro constraints one could again takeb =
as a consistent choice. Using this result, f and g can be written as
The ρ equation of motion, consistent with the first Virasoro constraint, turns out to be,
Some comments are in order here. One could see from the equation that the positions of spikes in the string profile remains same i.e. ρ 1 = coth −1 ω, but the position of 'valleys' have changed considerably due to inclusion of the flux. Solving the above differential equation requires to fix the right limits of integration. The lower limit of integration in this case is given by the solutions of ρ (σ) = 0, out of which we choose the particular solution,
Note here when we put q = 0, the minimum value becomes ρ min = ρ 0 , exactly like in the case of no flux, and hence our choice is justified. One should also note that for 0 ≤ q < 1, and ρ 0 > 0, we will always have ρ min ≥ ρ 0 , i.e. the new 'valley' will always occur at a higher radial value than in the no-flux case. In other words the string will get 'fatter' as we increase the flux. Now, integrating the differential equation, we explicitly find the profile for the spiky string, 6) again in terms of Jacobi functions. Here the arguments of the elliptic function are affected by the presence of flux and they read,
Now integrating (3.4) we can write the functions f and g to be of the following form,
As in the earlier case, x is given by the amplitude function am(u|k), which again is flux dependent now. Here the parameters n f and n g are given as,
With this solution at hand, we move on to define proper boundary condition for the string in the presence of flux. For completeness, we plot the string profiles in figure 1 and figure 2 , for N = 2 and N = 3 respectively, for different values of flux parameters turned on. One can see that in N = 2 case, the string stops passing through the centre of AdS (ρ = 0) as the flux is cranked up from zero. This is somewhat expected from our analysis, but also very intriguing. Since the N = 2 string is supposed to be the analogue to the folded sting, and by definition it should be a straight string. But it seems with the inclusion of the flux, when we impose the constraint of being a closed string, it One must immediately note that for q > 0 the string does not pass through ρ = 0 point, which is consistent with our computations. As q → 1, the string gets more and more 'fat'.
simply changes the usual folded string boundary conditions. One can speculate here that this is why the boundary condition used in [51] gives a complicated answer, as the authors assumed even with the fluxes the folded string should pass through the centre of AdS. In that sense our construction describes a somewhat different object than the usual idea of a folded string. For the N = 3 case we can see clearly how the string becomes 'fat' with inclusion of the flux. Near q → 1, it almost becomes a circular string with the cusp points still present as the valley positions rapidly increase towards the AdS boundary too.
Modified String Boundary conditions
As we can easily anticipate, there should be modification in the periodicity of the spiky string solution in the presence of the NS-NS flux. Starting with the full solution in the mixed flux case given by (3.6), we see again the profile is implicitly function of σ i.e ρ(u(σ)) as was the case with the string solution without flux. Now we demand that the periodicity we require in σ direction for a closed string again is reflected in
Here the periodicity of u(σ) isL which is 2N K(k). So now using the expression for u(σ), we can find the period for the spiky string as, which is crucial for the construction of a closed spiky string with N segments. Similarly as before, we can now impose θ(t, L) = θ(t, 0) + 2nπ, for n ∈ Z being the winding number. To close the string we must subsequently have a closed solution at constant global time t, implying θ(t, L) − θ(t, 0) = 2N ∆θ, where:
Here, n f and n g has been defined as before. The closeness condition boils down to the condition ∆θ = nπ N
, where the N spikes on the string are located symmetrically at the positions defined by ρ 1 . One can then solve the above equation fixing for the number of desired spikes and winding number, together either with position of the 'valley' points ρ min or that of the 'spike' points ρ 1 and once again get a perfectly closed string solution.
Dispersion Relation
Once we have the string profile ready, we can move on to the focus of the paper, finding the dispersion relation among conserved charges for the string. We write down the energy and angular momentum of these configuration for completeness,
Using (3.1) we can transform the Noether charges as integrals on ρ,
We can integrate the charges from ρ min to ρ 1 to get closed form expressions, which we don't write explicitly here for brevity. However, to find the desired dispersion relation, one has to start from the combination of charges E − S, where
Now, our objective is to go to the large spin limit of the expression, which can be reinterpreted as the limit ρ 1 >> ρ 0 , i.e. when the spikes become infinitely long in comparison to the position of the valleys. Precisely in that case the cusps will try to reach the AdS boundary and we would be able to effectively compute the boundary theory observable from this bulk string. In this limit, we find the arguments of our elliptic functions behave in the following way,
So our expression for the difference in charges can be written in the form,
(3.18) and similarly the integral for spin can be evaluated in the limit,
(3.19) Now we should bear in mind since even in the flux case ρ 1 = coth −1 ω, one should also take ω → 1 to find consistent dispersion relations in the large spin limit. Imposing this limit and using the expansions of the elliptic functions in this regime,
we can expand our conserved charges in the following way 20) and the difference between the charges become,
Collecting the above expressions, we can finally write the dispersion relation for the string,
The above relation is exact in q, and can be crosschecked by looking at the result when q = 0 which gives the pure RR result of the usual spiky string. It seems the dispersion relation retains its log S behaviour at the leading order, but the string tension has been scaled by the factor 1 − q 2 . This is analogous to the result obtained in [58] using a worldsheet transformation on the q = 0 folded string (N = 2) moving in AdS 3 × S 1 . As we mentioned before, in [57] the dispersion relation for the spiky string with fluxes was obtained perturbatively in q, and the small q expansion of the above result agrees with it, providing a validation for us.
Case of q = 1: Pure NS-NS flux
Let us consider the case where the background AdS 3 is supported purely by NS-NS flux and absence of any R-R flux. This is a special case and can't be naively studied by taking q = 1 on all the results obtained in previous sections. Instead, one has to start from the first principles, put q = 1 and re-analyze the problem. The string profile ρ(σ) plotted against σ for q = 1, i.e pure NS flux case.
In this limit, the string action becomes
The consistent equation of motion for ρ turns out to be the q = 1 version of (3.1),
Looking at the equation, we again observe the cusps still occur at the same points i.e. ρ 1 = coth −1 ω, but the minimum value of ρ has changed considerably here. The minima of the profile now lies at a changed value,
which is not continuously connected to the intermediate root (3.1). We note here that the position of the valleys here increase very fast with increasing ρ 0 , i.e. the valleys also try to reach infinite radius as well. One could think this as a situation where the string tries to "stick" to the boundary, as seems evident from the figure 2. Integrating the equation of motion from ρ min to ρ 1 , we get the string profile as follows,
where we have defined a new variable,
The profile even in this limit is perfectly periodic in σ as evident from figure 3.
Following the last section, we can easily integrate the other two equations of motion to find out the expressions for f (σ) and g(σ), which read,
It is also straightforward to find out the conserved charges associated to the solution,
Using the ρ equation of motion, we could write the energy in the integral form,
which turns out to be very simple algebraic expression when evaluated, i.e.
Proceeding in the same way, we go on to obtain Spin S,
30) which evaluates to similar algebraic expressions,
. Now again we would like to take the large spin limit on the solution. We need to impose ρ 1 ρ 0 which clearly implies ω → 1. Under this assumpition the expression for E − S becomes,
Note that the right hand side of the dispersion relation gives a mere constant here. However, this trivialization is not entirely unexpected. Since the q = 1 case corresponds to the WZW limit, one should get a dispersion relation analogous to that of a 'massless' case, which also appears in the case of dyonic giant magnons [44] of the theory in this limit.
Conclusions and Outlook
In this paper, we have studied N-spike strings in the conformal gauge and found out the string profile, conserved charges and large-charge dispersion relations for the string. We observed that as one increases the strength of the background flux, the "valleys" of the string become larger and the string becomes more and more "fat". The main result of the paper is simply (3.22) , where we present the energy-spin dispersion relation for the string, which should be indicative of anomalous dimensions of the twist operators in a dual field theory. The N = 2 version of our result would correspond to analogues of folded strings in this spacetime, which in our case is a perfectly closed string in contrast to the case in [51] where one needed a large number of windings to achieve closedness. We also discussed the case of pure NS-NS fluxes, where the theory will flow to that of a WZW model, and found the dynamics of the string. Now, we can hope that this calculation resolves the issue for dispersion relation of such strings. Going forward, there are more problems that one can study alongside this. The first modest follow-up could be to add an angular momentum along a S 1 direction and explicitly prove the results of [58] . Actually it was shown in [5] that adding an angular momenta to a N-spike string results in the smoothening of the spikes, i.e. cusps become rounded off. It will be interesting to see if such a phenomenon occurs in the presence of NS-NS fluxes too. Similar arguments should also hold for minimal surfaces in [64] with added non-vanishing angular momentum, and one could study the effect of fluxes on them.
Another issue is that of pure NS-NS limit, where our solutions and dispersion relations become very simple. One can hope that this in conjunction with recently uncovered spin-chain picture for the WZW case [65] sheds some light on this limit. However, one needs to have better understanding of these solutions to proceed along those lines. We would be coming back to some of these problems in future correspondences.
